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Motivation: parameter identification

Advection-Diffusion Relevant SIAM CSE-21
Minisymposia:

Consider the contaminant u, —kAu+v-Vu=0 inDx[0,T],

concentration u in domain w(z, 0)=6 inD MS154, MS214

Q € R? » V)= ’ MS195, MS230
kVu-n=0 ondD x [0,T] MS320, MS351

» Forward Problem: given model state/parameter predict the expected
model observations

» Inverse Problem: given spatiotemporal measurements, and a prior infer
the true Qol, e.g., function of the model state/parameter

» OED (sensor placement): given a set of n. candidate locations,
determine the optimal positions, possibly under budget or sparsity
constraints

OED with Correlated Observations Motivation [1/14]
3 March, 2021: SIAM CSE-21; Ahmed Attia.



Forward Problem and Bayesian Inversion

» Forward problem:
y=F(0)+3; v =P6
- 6 € RNstate: discretized model parameter, e.g., IC
-y € RNobs:; spatiotemporal sensor observations

- v € RN=oal: goal/prediction/Qol

> Bayesian inverse problem (goal-oriented):
P The prior: knowledge about the Qol ~y prior to obtaining new observations
v := PO ~ N(POp,, PT,, P*)
where P here is a linear goal/prediction operator
P The likelihood: Gaussian observation noise;
1 T
£l0) xexp (< IFO) ~ylI2s )i Ixl =xTAx
2 noise
P The posterior: distribution of the Qol « conditioned on observations
Bayes’ theorem: Posterior o< Likelihood X Prior

For a linear operator F, the posterior is Gaussian N (Ypost, Zpost) With

Ypost = PLpost (TprOpr + F L0 Y) + Eposs = P (F'T,)

noise Y noise

F+T,!) ' P

where F*, P* is the adjoints of F, P data-independent; only uncertainties
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OED: sensor placement

Find the best subset (i.e., \) of sensor location such as to optimize some utility function (e.g.
identification accuracy, total uncertainties, information gain, etc.)

s e m. - Il — Wi () Eg,
o o o o Bpe o Xy oy Xy 1 1

= N - W — 3 —1 1
SRR ¢ { o } © —_— { WO W), on

» Weighted-likelihood:
1
£(y16:¢) ox exp (1 IF () ~ ¥, )

» Weighted posterior covariance:
Ba(¢) = P (F W (OF +T,)) " P’

» OED optimization problem:

Relaxed OED + Rounding

Binary OED
¢ = argmin () := ¥(C) + a ®(C) ¢ = argmin T(¢) = ¥(¢) + a ®(C)
ceqo, 13ms ¢elo, 1yns

- W: utility function; Tr(Xpost) — A-optimality, det (Xp0s¢) — D-optimality, etc.
- &: penalty function; £o, ¢1 etc.

OED with Correlated Observations Forward, Inverse, and OED Problems [3/14]
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OED: sensor placement

Solving OED optimization problem: gradient-based approach
> A-optimality: ¥ .= ¢°*

U _ e DW(O)
s = (P ey T S o) )
» D-optimality: ¥ := w©P
B‘IIGD _ —1 —1 dWT‘(C)
e = (= or mor e P e o) )

H(() =T, + FWr(OF

» No observation correlations:
- Thoise and W are diagonal

- Wr(¢) = diag () —+ W3 (C)I‘KOMWZ () =r, L.Wr,

noise noise
» Spatiotemporal observation correlations
- A general/flexible approach to weight observation variances/covariances; discussed next:

OED with Correlated Observations Forward, Inverse, and OED Problems [4/14]
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Schur-product OED formulation

We formulate the weighted likelihood as:
1
£(y16:¢) o oxp (2 1P = ¥y, o))

Wi(Q) == LE L (OL: Faie(€) 1= L(Tauiee © W(O)LT.

- @ is the Hadamard (Schur) product
- Entries of the localization/weighting matrix W(¢) influence the observation correlations
- W(¢) is a symmetric and doubly nonnegative weighting kernel, with entries:

w (b, b G, C)s kl=1,2,...,n,; 4,5 =1,2,...,n,

* w is a symmeteric weighting (localization) function, such that:
@ (te,tis Ciy Gj) = @ (1, tes Gy GG) = @ (te, ts G5y Gi) = @ (f1, ts GG, Ci)

‘W(fqatl% C1, G

tiita; G, G) o @t tas G,
w<f/1at1; G2y Go (

)
t1, ta; Cz~<z)
w(ts, t1; Gy G
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Schur product OED formulation: space correlations

Lo = PR = dizg R R L=, Weo) = PVIE).

m

VIO =L, Vo (Ol Vil =L [ Ru o | > wlGn Gee] | | L

Q) = || (w6 G v w6 ||

SQRT kernel:

w(Ci, €)= VG

w(Ci, ) 1 (J?

¢, 2\ /¢

-GG E0 )i, =1,2,...,n,

- 0;,,: standard delta function

O +

- ¢ € [0,1] — constrained-optimization (box-constraints)

- Relates to traditional OED formulation

000 oo
0B 50 o 0.25
G 2 100 0.00
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.- - - - - """

Schur product OED formulation: space correlations

Solving Shur OED optimization problem: gradient-based approach

owe(©) _ OUTLLOL) (P a\gviéo YU O

ac, ac,
= Wi (©) (P 0 2 (Q)wr@)
,7 _ (L 9w(6.¢) 1L 9w(6n, 6
Wo=Tmo ooy my = (1+6l,, o¢; T 140,, ; a¢; )
» A-optimality: ¢°** = argmin 7 (¢) := Tr(Z,0.(€)) + a ®(¢)
¢elo, 1]ms
Voue (¢ 2Zduag V! (OFo,H (P PH(QF, V! () (R,, ® W)

» D-optimality: ¢°** = argmin 7(¢) := log det(Z,0..(¢)) + a ®(¢)

¢elo, 1)ms

V() =2 diag (V] (OFo H (OP' S, (OPH (OF;, V], () (R, OW)

m=

g OED with Correlated Observations OED with Correlated Observations [7/14]
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Experimental Settings

» Numerical model (AD): u solves:

* ) € R? is an open and bounded domain
u, —kAu+v-Vu=0 inDx|[0,T], * wu the concentration of a contaminant in
u(w O) —0 inD the domain

v 0 D x [0. T * K is the diffusivity,
. = on .
rVuem x [0,7] * v is the velocity field

» Observational setup: n, = 43 candidate sensor locations, with

observation times ¢ := t1+sAt o
At=0.2 is the model simulation time step; w0 w0
t1=1,s=0,1,...,5 " o
Observation correlations; synthetic, created

with Gaspari-Cohn, and 5% noise level

L

Ry with £ =1 Ry with £ =3

» Qol: ~ is the contaminant concentration predicted around the second building at time t,=2.2

bl

Ground truth (initial parameter) 6 Qol (prediction) gridpoints.

» OED with Correlated Observations Computational Results [8/14]
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Numerical Results: space-correlation |

s Sigmoid = SQRT ms - Sigmoid s Sigmoid
— EXP m— SQRT m— SQRT

(L ||IHIII
l “

£ = 0 (No correlation) =1 =3

Optimal design weights resulting from solving the OED problem, with o = 0.
Sensors with weights above 0.5 are activated.
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Numerical Results: space-correlation |l

0575
?\“ | — - OED; EXP 3 H —— OED; SQRT
PN -+~ OED; Sigmoid S — -+~ OED; Sigmoid .
IH \ | | -~ Brute force; One Sensor ! —-©- Brute force; One Sensor
| el 503 8
", ~, =02
[T+ | A L2
© i N 801
-, i L.
T 3 AN
bl 0.0
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Number of Active Sensors Number of Active Sensors
£=0. £ =3.

Objective value (post-trace) evaluated for increasing number of sensors, corresponding to highest

optimal weights. Here,

a = 0.
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.- - - - - """

Schur product OED formulation: space-time correlations

Entries of T'!

noise

are weighted by
@ (i, G5 s tn) 2= p(tms ta) w(Cis §5) 5

p(tm, tn) is a symmetric temporal decorrelation function:
o p(tm, tm) =1

e p(tm, tn.) is conversely related with d(t,., t,), the distance between ¢,, and ¢,

> Gauss: ( )
tm, tn
pltns 1) = oxp (= t2) )
» Gaspari-Cohn
1/5 1:4 1:3 1)2
i i -1, 0<v<1
5 4 503 502 P
Pltmstn) =% — L+ + 2 —bp4+4— 2, 1<0v<2
0, v>2,

v = dmtn) and, ¢ is a predefined correlation length scale

OED with Correlated Observations Computational Results [11/14]
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.- - - - - """

Schur product OED formulation: space-time correlations

Solving Shur-OED optimization problem: gradient-based approach

W = |:w <C(kl)%715+17<(711)%n5+1; tv 1J 71,1 1J >:|
== l+1 iRt
"t n koh=1.2,...,

Nobs
. o i=1,...,n,,
Gimlk] 1= ————@ | &), Cetysina st tms b 5 m=1,...,n,
M= e S =1 P R A N
oW - ( )
g=1+(m—1)n.,
OCF =-Wr(Q) g e, ((Thced) ©Yim) T+ g T\ icc®a GU‘"‘) e, | Wr(0), i=1,...,n,

m=1 m=1

» A-optimality: ¥ := ¥°*

Vrr( ZZ Ze Wi (QFH (P PH (OF Wi (Q) (T,).0,) © 0:)

» D-optimality: ¥ := ¢°P
V) =2 D e(T e 00.) Wr(OFH (OP X, (OPH (OF Wr(Qe,

; OED with Correlated Observations Computational Results [12/14]
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Schur product OED formulation
Efficient evaluation of the OED objective ¥:
- reduced-order approximation of F

- randomized approximation of ¥

A-optimality: randomized-trace approximation: recall: W(¢) = L' (L (1"“%u ® W(())LT)7 L

np

—_ 1 —
T (¢) & \I/C’A(g):TT E ZP(FW () F +T,}) 'Pz,, z, € R

-

DTN 1N e IW(¢) .
e = L Y AP OF W) (P © D5 ) Wi OF B OP'a,
» space correlations:
. 2 N Yrom 1= VI (OF H ' (OP'z,,
V UA(¢) = o O (R @ W) 4h,,) 5 '
e ' ZZw . Jon) ¥, = (. PH (OF;, VI (O)

» space-time correlations:
ne ne  mg
~a Y = Wr(Q)FH ' (()P’z,,
V() =2 E E E eie, (Thoise€y) OVim) ¥y
< (C) w, a (( q) s ) '@b w: — ZIPHil(C)F*Wr(C)

r=1 i=1 m=1
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» These slides are available
https://www.mcs.anl.gov/~attia/conferences.html

» Questions are welcome
attia@mcs.anl.gov
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