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Outer Loop of a Data Reduction Model

calibration process.

III. Mathematical Model

Given the experimental conditions,6 we assume that the flow can be adequately modeled using an ax-
isymmetric, low speed (low Mach), variable density form of the Navier-Stokes equations.7 In particular, the
form used in the present work is
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Furthermore, due to the long timescales of the experiments and the assumed laminar conditions, we assume
that the experiment can be modeled as a steady-state system. We include species N, N2, and CN. For
chemical reactions in the flow, we only include recombination of nitrogen. In particular, since the target
application is reentry flows utilizing the calibrated nitridation, we use the applicable reaction from the Park8

model. Other choices are also possible. Indeed, it is expected that there may be nontrivial contributions to
uncertainty from the gas phase chemistry; however, that uncertainty is not addressed in the present work
and will be addressed in subsequent e↵orts. CEA tables are used for thermodynamic properties. Species
transport models include Blotter9 curves fits for viscosity, Eucken model for thermal conductivity; Wilke’s
mixing rule is used for the mixture properties. Finally, as the gas is over 98% N2, we assume a constant Le
number of 1.0 to compute di↵usion coe�cients; Fickian di↵usion is assumed. The (constant) thermodynamic
pressure is given by the measured outlet pressure.b

For boundary conditions, there are six distinct regions of the boundary that require consideration: inflow,
outer wall, carbon specimen, sample holder, outflow, and the center axis. For the center axis, axisymmetry
conditions are used. For the inflow, we assume that the velocity profile is parabolic with the mass flow
rate given by the experiment; species mole fractions are specified according to the experimental values;
and temperature is given by a thermocouple reading at the boundary — we assume the temperature is
constant across the inlet. Standard outflow conditions are used at the outflow. For the sample holder, no
slip conditions are imposed on the velocity, natural boundary conditions on the species, the temperature is
assumed to be that of the furnace temperature. While there are potentially additional sources of uncertainty
in the boundary conditions, particularly with respect to inlet species concentrations, they are not addressed
in the present work.

The uncertainties considered here stem from the boundary conditions on the reacting sample on the
outer wall. For the outer wall, no slip conditions are assumed for the velocity and a prescribed temperature
profile is used, based on experimental measurements. For the species, we assume the wall acts as a catalyst
for nitrogen recombination. In particular, we assume that di↵usion at the wall is balanced by the catalytic
reaction:

⇢DN2
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· n = !̇N2
(2)

⇢DNrwN · n = !̇N (3)

where all quantities are evaluated at the wall and n is the outward normal from the domain. For the catalytic
reactions, we assume a first order reaction rate:
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bIn cavity flows, there’s an additional scalar di↵erential equation to compute the thermodynamic pressure.
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At the outer wall, we assume that the rate of production of N2 is matched by the consumption of N:

!̇N2
= �!̇N (5)

Substituting into (2) gives
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These conditions give a (nonlinear) Robin boundary condition on species N and N2. The species CN is
assumed to not react at the outer wall and is specified using the natural boundary condition. We highlight
in red the parameter �N(T ) as one of the random variables considered in this work.

For the carbon specimen, no slip conditions are imposed on the velocity and the temperature is assumed
to be equal to the furnace temperature. The carbon specimen will react with atomic nitrogen in the flow.
We assume a similar form to (2):

⇢DCNrwCN · n = !̇CN (8)
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Further, assuming the reaction C(s)+N ! CN is a first order reaction and neglecting the backwards reaction,
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Again, these enter as (nonlinear) Robin boundary conditions on the species N and CN; we assume the species
N2 obeys a natural boundary condition at the specimen wall.

We will use this mathematical model to simulate the experiments of Zhang et al6 in order to calibrate the
coe�cient �CN(T ). To do so, we must extract two quantities from the solution of the above model in order
to compare with experiments. Namely, the N mole fraction at the outlet and the mass loss of the carbon
specimen. For the former, we take the average over the outlet:
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The primary reason for this choice is a numerical one — point values require higher mesh resolution for
numerical accuracy. Further, numerical experiments show that the distribution of wN at the outlet is quite
uniform. Nevertheless, further interaction with the experimentalists on the precise measurement location of
the N is warranted.

The mass loss can be computed as follows:
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We assume that the mass loss is constant over time. Further, appealing to (10), then
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In the present work, we consider only the case where �N and �CN are constant. Thus, the calibration
problem has two parameters. We refer to this model subsequently as M1. Based on the experimental data,
it is expected that the catalytic coe�cients are temperature dependent and it is not expected that choosing
constants will yield an e↵ective model. Neverthess, this choice allows very explicit illustrations of the entire
workflow and lays the groundwork for extending to additonal catalytic models. Indeed, such work is currently
underway.
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