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Forcing	  Term

Solid,	  deforming	  body

f(x,t) = λ(x,t)    Lagrange multiplier
Ud = Ur + (Wr ×R)+Uk   ∈Ωr

A.P.S.	  Bhalla,	  B.E.	  Griffith,	  N.A.	  Patankar	  (2013)	  PLoS	  Comp	  Biol	  
A.P.S.	  Bhalla,	  R.	  Bale,	  B.E.	  Griffith,	  N.A.	  Patankar	  (2013)	  JCP	  
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Forcing	  Term
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2. Solve	  the	  fluid	  equa+ons	  without	  kinema+c	  
constraints	  
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4. Correct	  the	  fluid	  velocity	  and	  pressure	  and	  posi+on	  
of	  Lagrangian	  structure



Constraint	  Algorithm

X p
n+1 = Xn +ΔtUd

n

Step	  1.	  Predict	  the	  posi+on	  of	  the	  constrained	  body



Constraint	  Algorithm

Step	  2.	  Solve	  the	  fluid	  equa+ons	  without	  kinema+c	  
constraints

ρ
u p
n+1 − un

Δt
+ [u ⋅∇u]p

n+1/2⎛

⎝⎜
⎞

⎠⎟
= −∇pp

n+1/2 + µ∇2u p
n+1

∇⋅u p
n+1 = 0



Constraint	  Algorithm

U p
n+1 = R[X p

n+1]u p
n+1

Step	  3.	  Interpolate	  the	  fluid	  velocity	  using	  discrete	  
Delta	  func+ons



Constraint	  Algorithm

U p
n+1 = R[X p

n+1]u p
n+1

Step	  3a.	  Interpolate	  the	  fluid	  velocity	  using	  discrete	  
Delta	  func+ons

R[X p
n+1]u p

n+1 ≈ u p
n+1δ (x −X p

n+1)dx
Ub

∫



Constraint	  Algorithm

MCUr
n+1 = ρU p

n+1

Ωr

∑ ΔV

IC
n+1Wr

n+1 = ρRn+1 ×U p
n+1

Ωr

∑ ΔV

Rn+1 = X p
n+1 −X p,com

n+1

Step	  3b.	  Compute	  the	  rigid	  transla+onal	  and	  rota+onal	  
veloci+es
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Step	  3c.	  Given	  the	  prescribed	  kinema+c	  shape	  	  	  	  	  	  	  	  	  	  	  	  	  ,	  	  	  	  	  	  	  	  	  	  	  
calculate	  the	  deforma+on	  shape	  	  	  	  	  	  	  ,	  and	  velocity	  

χ(s,t)
UkXk
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Constraint	  Algorithm

Step	  4a.	  Compute	  the	  constraint	  force	  

ΔU
C

n+1 = Ud
n+1 −U p

n+1

FC
n+1 = ρ

Δt
ΔU

C

n+1



Constraint	  Algorithm

Step	  4b.	  Spread	  the	  corrected	  Lagrangian	  velocity

ρ
un+1 − u p

n+1

Δt
= −∇(pn+1/2 − pp

n+1/2 )+ S[X p
n+1]FC

n+1

∇⋅un+1 = 0



Constraint	  Algorithm

Step	  4c.	  Correct	  the	  posi+on	  of	  the	  Lagrangian	  
structure

Xcom
n+1 = Xcom

n + Δt
2
Ur

n +Ur
n+1( )

Xn+1 = Xcom
n+1 +Xk

n+1



Neuromuscular	  	  
Kinema+cs	  for	  Swimming



Specify	  kinema+c	  constraints
Neuromechanical	  model

motor	  neuron	  axon

muscle	  sarcomere Ca2+

ca+on	  influx 
	  ∴	  depolariza+on

time
 

 
Neural stimulus

External	  forcing

on

off



Specify	  kinema+c	  constraints
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Calcium−bound filamets

Kine+c	  Equa+ons

d Ca free
2+

dt
= f (Ca free

2+ ,Cabound
2+ , stim)

d Cabound
2+

dt
= g(Ca free

2+ ,Cabound
2+ )

Ca2+
free

Ca2+bound

T.	  McMillen,	  T.	  Williams,	  P.	  Holmes	  (2007)	  PLoS	  Comp	  Biol

motor	  neuron	  axon
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Specify	  kinema+c	  constraints
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Neural stimulus
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Preferred curvature

T.	  McMillen,	  T.	  Williams,	  P.	  Holmes	  (2007)	  PLoS	  Comp	  Biol
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	  ∴	  depolariza+on



!

å!PR#
#

PL#
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M#
#

M#
#

Specify	  kinema+c	  constraints

κ pref = h(PR ,PL ,EI )

Preferred	  curvature	  used	  to	  
calculate	  preferred	  shape	  

time
 

 
Preferred curvature

Neuromechanical	  model



Reduced	  order	  fluid	  simula+ons	  for	  choosing	  EI
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3D	  Neuromechanically	  Driven	  
Locomo+on



Fully	  resolved	  simula+on	  of	  neuromechanically	  driven	  locomo+on



Muscle	  Co-‐contrac+ons



Swimming	  with	  &	  without	  co-‐contrac+ons

no	  co-‐contrac+ons

co-‐contrac+ons



Swimming	  with	  &	  without	  co-‐contrac+ons
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Turning	  with	  and	  without	  co-‐contrac+ons



Fish	  school
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